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Parameter Estimation Robust to Low-Frequency
Contamination
Adam MCCLOSKEY

Department of Economics, Brown University, Providence, RI 02912 (adam mccloskey@brown.edu)

Jonathan B. HILL
Department of Economics, University of North Carolina, Chapel Hill, NC 27599 (jbhill@email.unc.edu)

We provide methods to robustly estimate the parameters of stationary ergodic short-memory time series
models in the potential presence of additive low-frequency contamination. The types of contamination
covered include level shifts (changes in mean) and monotone or smooth time trends, both of which have
been shown to bias parameter estimates toward regions of persistence in a variety of contexts. The estima-
tors presented here minimize trimmed frequency domain quasi-maximum likelihood (FDQML) objective
functions without requiring specification of the low-frequency contaminating component. When proper
sample size-dependent trimmings are used, the FDQML estimators are consistent and asymptotically nor-
mal, asymptotically eliminating the presence of any spurious persistence. These asymptotic results also
hold in the absence of additive low-frequency contamination, enabling the practitioner to robustly estimate
model parameters without prior knowledge of whether contamination is present. Popular time series mod-
els that fit into the framework of this article include autoregressive moving average (ARMA), stochastic
volatility, generalized autoregressive conditional heteroscedasticity (GARCH), and autoregressive condi-
tional heteroscedasticity (ARCH) models. We explore the finite sample properties of the trimmed FDQML
estimators of the parameters of some of these models, providing practical guidance on trimming choice.
Empirical estimation results suggest that a large portion of the apparent persistence in certain volatility
time series may indeed be spurious. Supplementary materials for this article are available online.

KEY WORDS: Deterministic trends; Frequency domain estimation; Level shifts; Robust estimation;
Spurious persistence.

1. INTRODUCTION

Empirical evidence of level shifts (changes in mean) or other
deterministic trends has been recognized for many years. Of the
numerous and varied examples, Garcia and Perron (1996) found
the presence of large level shifts in U.S. real interest rate series;
Qu (2011) rejected the null hypothesis of stationary short or
long-memory against the alternative of level shifts or determin-
istic trends for U.S. inflation rate series; Eraker, Johannes, and
Polson (2003), Stărică and Granger (2005), and Qu and Perron
(2013) found that incorporating jumps into volatility models
provides a substantial improvement for capturing the dynamics
of stock market returns volatility; McCloskey and Perron (2013)
provided evidence that contaminating components bias standard
memory parameter estimates upward for daily stock market re-
turns volatility. The literature also indicates that the presence of
level shifts or trends leads to the phenomenon of “spurious per-
sistence,” in which the econometrician is misled into believing a
process is more persistent than it actually is. For example, Perron
(1990) demonstrated that the presence of abrupt changes in mean
often induces spurious nonrejection of the unit root hypothesis
while Bhattacharya, Gupta, and Waymire (1983) demonstrated
that certain deterministic trends can induce the spurious pres-
ence of long-memory features in the data. Perron (1990) also
showed that level shifts asymptotically bias autoregressive co-
efficient estimates toward one. Similarly, through simulation
evidence, Lamoureux and Lastrapes (1990), and analytically,
Mikosch and Stărică (2004) and Hillebrand (2005), have shown
that when the mean of a GARCH process changes, the sum of
its estimated autoregressive parameters converge to unity. Much

recent attention has focused on the phenomenon that changes in
mean also lead to the presence of spurious long-memory. For ex-
ample, Diebold and Inoue (2001), Granger and Hyung (2004),
Mikosch and Stărică (2004), and Perron and Qu (2010) have
shown through simulation and theory that level shifts induce
hyperbolically decaying autocorrelations and spectral density
estimates that approach infinity at the null frequency. Thus, the
data indicate that an estimation method that is robust to these
contaminating components would be quite useful in practice.
The current study provides such a method.

This article presents a robust estimation technique that ex-
ploits the difference in stochastic orders of magnitude between
the periodograms of an additive low-frequency contaminating
process and a weakly dependent contaminated process whose
parameters we wish to estimate. Depending on the frequency
range under study, one of these periodograms comes to asymp-
totically dominate the other. The estimators fit the periodogram
of the observed process to the spectral density function of a
candidate model within certain (higher) frequency ranges for
which the periodogram of the contaminated process dominates
that of the contaminating process. The robust estimators we
focus on are trimmed versions of the frequency domain quasi-
maximum likelihood (FDQML) estimator for which the trim-
ming depends on the sample size. The asymptotic properties
of the (untrimmed) FDQML estimator have been extensively
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studied in standard (uncontaminated) linear process contexts by
Dunsmuir and Hannan (1976), Dunsmuir (1979), and Hosoya
and Taniguchi (1982), among others. We obtain the asymptotic
properties of the trimmed version of this estimator in the pres-
ence of additive low-frequency contamination.

To overcome the issue of spurious persistence caused by level
shifts in the context of fully parametric estimation, a substan-
tial amount of work has been done to explicitly estimate mean
changes and change points within a sample (see, among many
others, Bai and Perron 1998). After accounting for mean changes
by estimating them, one may subsequently estimate the other
parameters of a given process. Similarly, one may attempt to ex-
plicitly model an underlying trend function that could be causing
the presence of spurious persistence. However, in practice one
may not have a good idea of the form a contaminating compo-
nent takes or whether contamination is present at all. Our robust
estimators perform well in both the presence and absence of a
wide variety of contaminating components. The types of con-
tamination we are interested in are not amenable to high-pass
filtering because they cause the observed periodogram to di-
verge in a shrinking band of frequencies surrounding the origin.
Moreover, an approximating high-pass filter, as detailed by Bax-
ter and King (1999), for example, is unnecessary in this context
since estimation can be performed directly in the frequency do-
main. (Not only is the use of such filtering unnecessary and not
designed for the problem at hand, but also preliminary simula-
tion results indicate that the performance of such a method in
this context is clearly inferior to the technique advanced here.)
In a separate regression context, Engle (1974) also noted that
ignoring a band of low frequencies could help to improve es-
timation performance when the model being estimated is only
valid within a higher frequency range. Yet his analysis was sim-
ilarly concerned with the properties of estimators that ignore a
fixed band of frequencies, which, in the present context is both
unnecessary and wasteful of valuable information on the param-
eters of the contaminated process. The methodology presented
here complements the work of Müller and Watson (2008), who
focus upon modeling the low-frequency variability of a time
series by examining a shrinking band (but fixed number) of
low-frequency ordinates.

The fully parametric estimation methodology we introduce
in this article is related to the robust semiparametric memory
parameter estimators of Iacone (2010), McCloskey and Perron
(2013), and Hou and Perron (2014). However, the estimators in
these articles do not specify the other, short-run dynamics of the
time series and hence require a bandwidth parameter that limits
the highest frequency ordinate examined. In contrast, our fully
parametric approach does not require this upper bound, result-
ing in an estimator that is consistent at the fully parametric rate.
On the other hand, the types of contaminated processes consid-
ered in this article are restricted to have absolutely summable
autocovariances. In another related article, McCloskey (2013)
showed how to use the trimmed FDQML estimator presented
here to estimate the fully parametric long-memory stochastic
volatility model robust to low-frequency contamination.

Our trimmed FDQML estimators can be used to consistently
estimate the parameters of a large class of models including
ARMA, stochastic volatility (SV), ARCH, and GARCH, in the
presence of a wide variety of additive low-frequency contami-

nating components. They are asymptotically normal under mild
conditions. The asymptotic variances of these estimators are
the same as those in the uncontaminated and untrimmed case.
Depending upon the model being estimated, the trimming can
be chosen to balance the competing finite sample biases arising
from the potential presence of contaminating components and
ignoring lower frequency ordinates when fitting the model. We
provide a simulation study that addresses the issue of trimming
parameter choice for popular ARMA, SV, and GARCH models.
We subsequently use high-frequency exchange rate volatility
and daily stock market volatility data to robustly estimate the
parameters of particular specifications of these models, finding
that robust estimation significantly reduces the persistence of
the fitted models.

The rest of this article proceeds as follows. In Section 2, we
detail the robust estimation technique and provide the reason-
ing behind the use of trimming. Here, we also discuss some
of the contaminating processes of interest. Section 3 supplies
the asymptotic properties of the trimmed FDQML estimators
under general assumptions on the contaminated and contami-
nating processes and the class of models being estimated. The
finite sample properties of the trimmed FDQML estimator are
analyzed for three different popular time series models in Sec-
tion 4 while Section 5 comprises the empirical application of
the robust estimation technique to financial volatility data. Sec-
tion 6 concludes. Proofs of the main results are contained in a
supplemental mathematical appendix available online.

In what follows, R and Z denote the sets of real numbers and
integers; �K� denotes the largest integer value below any generic
K ∈ R;O(·), o(·),Op(·), and op(·) denote the usual (stochastic)
orders of magnitude; aT ∼ bT implies aT /bT → 1; I (·) is the

indicator function; “
p−→” and “

d−→” indicate convergence in
probability and distribution; Ahk denotes the entry of the hth
row and kth column of the generic matrix A. All convergence
concepts are taken to mean as the sample size goes to infinity.

2. ROBUST ESTIMATION TECHNIQUE

Let {yt } denote a generic covariance stationary process. The
discrete Fourier transform and periodogram of {yt } at frequency
λ ∈ [−π, π ] are, respectively, defined as follows:

wy(λ) ≡ 1√
2πT

T∑
t=1

yte
−iλt and Iy(λ) = |wy(λ)|2,

where T is the sample size. The estimators we examine in-
volve evaluating the observed time series’ periodogram at a sub-
set of the Fourier frequencies λj ≡ 2πj/T for j = −�T/2� +
1, . . . , �T/2� − 1, �T/2�. We wish to estimate the model pa-
rameters of a contaminated process {vt }, but we observe the
process

xt = μ+ vt + ut ,

where μ is a constant, E[Iv(λj )] = O(1), E[Iu(λj)] = O(T/j 2)
and {vt } and {ut } are independent. Henceforth, “contaminated
process” refers to {vt } and “contaminating process” refers to
{ut }.
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2.1 Contaminating Processes of Interest

Many contaminating processes satisfyE[Iu(λj )] =O(T/j 2),
a subset of which we provide here.

Random Level Shifts (RLS)

ut =
t∑

j=1

δT,j , δT ,t = πT,tηt ,

where ηt is iid with E[ηt ] = 0 and E[η2
t ] = σ 2

η > 0 and πT,t is
iid Bernoulli taking the value 1 with probability p/T for some
p ≥ 0. The components πT,t and ηt are mutually independent.

Deterministic Level Shifts (DLS)

ut =
B∑
i=1

ciI (Ti−1 < t ≤ Ti) ,

where B is a fixed positive integer (the number of breaks plus
one), |ci | < ∞ for i = 1, . . . , B, T0 = 0, TB = T , T0 < T1 <

· · · < TB−1 < TB , and Ti/T → τi ∈ (0, 1) for i = 1, . . . , B.
Deterministic Trends (DT)

ut = h(t/T ),

where h(·) is a deterministic nonconstant function on [0, 1] that
is either Lipschitz continuous or monotone with h(1) = 0. (This
includes all cases for which h(·) is monotonic and bounded since
we can simply subtract h(1) from h(·) and add h(1) to μ to have
the same DGP.)

Fractional Trends (FT)

ut = O((t + 1)φ−1/2) with u0 = 0, |ut+1 − ut | = O(|ut |/t),
where φ ∈ (−1/2, 1/2).

Outliers

ut =
M∑
i=1

miI (t = Ti),

where M is a fixed positive integer (the number of outliers),
|mi | < ∞ for i = 1, . . . ,M , and 0 < T1 < · · · < TM−1 <

TM ≤ T .
The Bernoulli probability of the RLS process is sample size-

dependent so that the level shifts are rare. Otherwise, {ut } would
be better construed as a random walk. For p = 0, the RLS pro-
cess nests the no level shift, no trend case. For a discussion of
how E[Iu(λj )] = O(T/j 2) is satisfied for the above processes,
we refer the interested reader to McCloskey (2013) and refer-
ences therein.

2.2 Trimmed FDQML Estimation

Frequency domain estimation is designed to select the pa-
rameters that provide the best fit of a spectral density function
within a given class of models to the periodogram of the ob-
served time series. The FDQML estimator (sometimes referred
to as a Whittle estimator) minimizes the negative logarithm of
the frequency domain approximation to the Gaussian likelihood
function:

LT (θ ) ≡ T −1
∑
j∈F1

{
log f (λj ; θ ) + Ix(λj )

f (λj ; θ )

}
,

where F1 ≡ (−T/2, T /2] ∩ Z \ {0} and f (λ; θ ) is the spectral
density function of the candidate model with parameters θ , eval-
uated at frequency λ. For the contaminated processes we exam-
ine, the contaminating process component of the observed pro-
cess {xt } may bias this minimizer away from its true value when
frequencies close to zero enter the objective function. Letting
l ∈ (0, T /2) denote the trimming parameter, this leads to the
trimmed FDQML estimator: θ̂T ≡ argminθ∈
 LT,l(θ ) for some
appropriate parameter set 
, where

LT,l(θ ) ≡ T −1
∑
j∈Fl

{
log f (λj ; θ ) + Ix(λj )

f (λj ; θ )

}
(1)

with Fl ≡ (−T/2, T /2] ∩ Z \ [−l + 1, l − 1].

3. ASYMPTOTIC PROPERTIES OF ROBUST
ESTIMATORS

In what follows, θ0 denotes the true parameter vector.

3.1 Consistency and Asymptotic Normality of the
Trimmed FDQML Estimator

We begin with sufficient conditions for consistency of the
trimmed FDQML estimator of a linear process.

Assumption 1. The process {xt } is generated by the following
data-generating process (DGP): xt = μ+ vt + ut , where μ is
a finite constant and vt and ut are independent at all leads and
lags.

(a) {vt } is strictly stationary and ergodic and
vt = ∑∞

j=0 c(j ; θ0)et−j , where c(0; θ0) = 1, E[et ] = 0,
E[etes] = I (t = s)σ 2(θ0), and

∑∞
j=0 c(j ; θ0)2 < ∞.

(b) 
 ⊂ R
s is compact and the following properties hold

over 
: (i) g(λ; θ ) ≡ |∑∞
j=0 c(j ; θ )e−iλj |2 is continuous

in (λ, θ ) ∈ [−π, π ] ×
; (ii) σ 2(θ ) is continuous and
strictly greater than zero over 
; (iii) g(λ, θ ) > 0 for
all (λ, θ ) ∈ [−π, π ] ×
; (iv) If θ0 �= θ ∈ 
, g(λ; θ ) �=
g(λ; θ0). Furthermore, for θ1, θ2 ∈ 
, if θ1 �= θ2, then
f (λ; θ1) �= f (λ; θ2) on a subset of [−π, π ] that is of pos-
itive Lebesgue measure; (v) θ0 ∈ 
.

(c) E[Iu(λj )] = O(T/j 2) for j ∈ F1.

Note that Assumption 1(a) implies that the spectrum of {vt }
takes the form

f (λ; θ0) = σ 2(θ0)

2π
g(λ; θ0).

Parts (a) and (b) are variants of standard assumptions for fre-
quency domain estimation of models with linear representations
(see, e.g., Condition B of Dunsmuir and Hannan 1976). Part
(a) limits the dependence of the contaminated process and part
(b) is composed of identification conditions. Assumption 1 con-
trasts with the assumptions imposed in the related articles of
McCloskey and Perron (2013) and McCloskey (2013) in that it
applies to short-memory processes with a fully parametric spec-
trum that is not necessarily derived from a stochastic volatility

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 N

or
th

 C
ar

ol
in

a 
- 

C
ha

pe
l H

ill
] 

at
 1

8:
01

 2
2 

Se
pt

em
be

r 
20

17
 



McCloskey and Hill: Parameter Estimation Robust to Low-Frequency Contamination 601

model. Part (c) is a high-level assumption that encompasses
contamination by many processes of interest.

Remark 1. The methods of this article are useful for estimat-
ing the parameters of a short-memory process that is potentially
contaminated by a process {ut } with E[Iu(λj )] = O(T/j 2). If
the user is instead interested in semiparametrically estimating
the memory parameter of a long-memory process that is robust
to the same form of contamination, one may use the meth-
ods McCloskey and Perron (2013) or Hou and Perron (2014).
If the user is interested in parametrically estimating all of the
parameters of a long-memory stochastic volatility model (ad-
vanced by Breidt, Crato, and de Lima 1998; Harvey 1998) that
is robust to the same form of contamination, one may use the
methods of McCloskey (2013). The literature does not appear
to contain results for parametric estimation of long-memory
models robust to low-frequency contamination outside of this
long-memory stochastic volatility class. This would likely re-
quire a completely different treatment by building upon the work
of Hosoya (1997) and is beyond the scope of the present article.

For consistency, the trimming parameter must grow fast
enough to asymptotically rid the FDQML objective function’s
dependence on the frequencies for which the contaminating
component dominates the observed periodogram:

Assumption 2. l/T + log4 T/l → 0.

This is quite a weak assumption since we only require trim-
ming to grow l → ∞ faster than the slowly growing function
log4 T but slower than the sample size T . We then have the
following consistency result.

Theorem 1. Under Assumptions 1 and 2, θ̂T
p−→ θ0.

To establish asymptotic normality of the trimmed FDQML
estimator, we strengthen the moment conditions for the innova-
tions in the linear representation of the process, the coefficients
in this representation and smoothness conditions on the spectral
density function.

Assumption 3. For the process {vt } in Assumption 1, the fol-
lowing hold for its spectrum and innovations:

(a) (i) f (λ; θ ) is twice continuously differentiable in θ ∈ 
.
For θ ∈ 
, ∂f (λ; θ )/∂θ and ∂f (λ; θ )/∂θ∂θ ′ are continu-
ous in λ ∈ [−π, π ]; (ii) θ0 ∈ interior(
).

(b) f (λ; θ0) is Hölder continuous of maximal degree α ∈
(1/2, 1] in λ, that is, there is a constant H such
that |f (λ; θ0) − f (ω; θ0)| ≤ H |λ− ω|α for all λ, ω ∈
[−π, π ].

(c) Let It denote the σ -field generated by es , s ≤ t . (i)
E[et |It−1] = 0 a.s.; (ii) E[e2

t |It−1] = σ 2(θ0) a.s.; (iii)
E[e3

t |It−1] = μ3 a.s.; (iv) E[e4
t ] = μ4 < ∞.

(d)
∑∞

j=0 |c(j ; θ0)| <∞.

Parts (a)–(c) are standard (see, e.g., Condition C of Dun-
smuir 1979). Parts (a) and (b) impose smoothness conditions
on the spectral density function of the contaminated process. In
this case, as in Dunsmuir (1979), we impose linearity (c) with
innovations that are third-order martingale differences solely
to render a parametric asymptotic variance form. This may be
restrictive in some applications where the second- and third-

order martingale difference properties are unknown or higher
moments may not exist. Nevertheless, simulation evidence in
Section 4 indicates that the trimmed FDQML estimator contin-
ues to perform well in the presence of heavy-tailed data. Part
(d) requires the contaminated process to be weakly dependent.

Asymptotic normality requires we also impose a stronger neg-
ligible trimming condition. In particular l → ∞ faster than T 1/2

but slower than T ensures identification and T 1/2-asymptotics
follow from the periodogram Iv of the stationary process {vt }.

Assumption 4. l/T + T 1/2/l → 0.

Theorem 2. Under Assumptions 1, 3, and 4, T 1/2(θ̂T − θ0) is
asymptotically multivariate normal with zero mean and covari-
ance matrix given by �−1(2�+�)�−1, where

�hk ≡ 1

2π

∫ π

−π

∂ log f (λ; θ0)

∂θh

∂ log f (λ; θ0)

∂θk
dλ

and

�hk ≡ κe(θ0)

(2π )2

∫ π

−π

∫ π

−π

∂ log f (λ; θ0)

∂θh

∂ log f (ω; θ0)

∂θk
dλdω

with κe(θ0) ≡ μ4/σ
4(θ0) − 3 (the kurtosis of et ).

It is worth reiterating here that consistency (Theorem 1) and
asymptotic normality (Theorem 2) cannot be obtained by esti-
mation in the time domain unless one takes a parametric ap-
proach to the form of contamination ut . Assumption 1(c) allows
for a much more robust approach in allowing for a wide range of
contamination, or even the absence of contamination altogether.

Remark 2. The asymptotic covariance matrix of Theorem 2
is standard in the literature on FDQML estimation (see Dun-
smuir 1979). Hence, neither the sample size-dependent trim-
ming nor the presence of low-frequency contamination reduces
the asymptotic efficiency of the estimator.

Remark 3. If E[e2
t ] = σ 2 is separately parameterized from

θ , one may alternatively estimate θ by minimizing a simplified
objective function (see, e.g., Hannan 1973 for linear processes
and Giraitis and Robinson 2001 and Mikosch and Straumann
2002 for GARCH processes): (2π/T )

∑
j∈F1

Ix(λj )/g(λj ; θ ).
In the absence of contaminating components, this simplified es-
timator is asymptotically equivalent to the untrimmed FDQML
estimator. However, this equivalence breaks down when a trim-
ming large enough to make the simplified estimator robust to
low-frequency contamination is used. In this case, the estima-
tor becomes asymptotically biased with a degenerate limiting
distribution and slower than standard parametric rate of conver-
gence. (These results are omitted for the sake of brevity and
available from the authors upon request.) We therefore recom-
mend against trimming this simplified objective function for
robust estimation.

Remark 4. Rather than contamination by a process {ut } with
E[Iu(λj )] = O(T/j 2), one may wonder whether it is possible
to estimate {vt } satisfying Assumptions 1(a)–(b) and 3 when
it is contaminated by a long-memory process. If {ut } were a
long-memory process with memory parameter d, it would in-
stead satisfy E[Iu(λj )] = O(T 2d/j 2d ). A periodogram decom-
position similar to that used by McCloskey and Perron (2013)
would imply that Ix(λj ) = Iv(λj ) + Iu(λj ) + 2Ivu(λj ), where
Iv(λj ) = Op(1), Iu(λj ) = Op(T 2d/j 2d ), and Iuv = Op(T d/jd ).
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When d > 0, the typical range of interest in economic applica-
tions, (i) for all λj such that limT→∞ j/T = 0, Iu(λj ) would
asymptotically dominate the periodogram of the observed pro-
cess and (ii) for all λj such that limT→∞ |j |/T ∈ (0, 1], neither
Iu(λj ) nor Iv(λj ) would dominate. Thus, it does not appear
possible to robustly estimate the parameters of a short-memory
process {vt } when it is contaminated by a long-memory pro-
cess {ut } by using the frequency domain trimming employed in
this article. However, by parametrically specifying the spectral
density function of {xt } to include a short-memory component
and a separate long-memory component, existing frequency do-
main estimation methods would allow one to form consistent
and asymptotically normal estimates of the parameters of both
components. See, for example, Hosoya (1997) and references
therein.

3.2 Examples of Processes Satisfying the Assumptions

We now discuss a few popular models for the contaminated
process {vt }.

3.2.1 ARMA Models. Stationary ergodic ARMA(p, q)
processes satisfy Assumption 1(a). If the parameter set 
 is
restricted to models for which (i) the roots of the autoregressive
and moving average polynomials, A(z; θ ) and B(z; θ ) say, lie
outside of the unit circle, (ii) A(z; θ ) and B(z; θ ) have no com-
mon roots, and (iii) the highest order AR or MA parameters are
nonzero, then these ARMA(p, q) models satisfy Assumptions
1(b) and 3(a)–(b).

3.2.2 Stochastic Volatility Models. The standard short-
memory SV model with an additive low-frequency component
contaminating the volatility is given by a returns process {rt }
that follows

rt = σtεt , σt = σ exp(ht/2), (2)

where εt ∼ iid(0, 1), {ht } is independent of {εt } with

ht = ut + ṽt , A(L; θ )ṽt = B(L; θ )ξt , ξt ∼ iid(0, σ 2
ξ ), (3)

the polynomials A(z; θ ) and B(z; θ ) satisfying the same con-
ditions as for the above ARMA(p, q) case, and {ut } satisfying
Assumption 1(c). Qu and Perron (2013) studied a special case
of a contaminated AR(1) version of this model, providing a
Bayesian procedure for estimation and inference. In contrast,
our frequentist methods apply to a much larger class of contam-
inated and contaminating processes.

For this contaminated SV model, the log-squared returns have
the following decomposition:

xt ≡ log(r2
t ) = log σ 2 + E[log(ε2

t )] + ut + ṽt +
(

log(ε2
t )

−E[log(ε2
t )]

) ≡ μ+ ut + vt ,

where μ = log σ 2 + E[log(ε2
t )] and vt = ṽt + ζt with ζt ≡

log(ε2
t ) − E[log(ε2

t )]. Given that {ht } is independent of {εt },
the spectral density function of {vt } is

f (λ; θ ) = σ 2
ξ |B(e−iλ; θ )|2

2π |A(e−iλ; θ )|2 + σ 2
ζ

2π
,

where θ1 = σ 2
ξ and θ2 = σ 2

ζ are the first two entries of the pa-
rameter vector. Under the same assumptions imposed on the
ARMA component {ṽt } as those imposed above for the pure

ARMA model, {vt } is weakly stationary and therefore has the
linear representation required by Assumption 1(a). If the ARMA
component {ṽt } is purely autoregressive of finite order and all
roots of A(z; θ ) lie outside of the unit circle for θ ∈ 
, As-
sumptions 1(b) and 3(a)–(b) follow from results in Pagano
(1974).

3.2.3 (G)ARCH Models. Finally, we turn to contaminated
(G)ARCH models for the returns process {rt }:
xt ≡ r2

t = ṽt + ut , where ṽt = htε
2
t , E[εt |Iεt−1] = 0,

E[ε2
t |Iεt−1] = 1, (4)

ht = E[ṽt |Iεt−1] = ψ0(θ ) +
∞∑
j=1

ψj (θ )ṽt−j ,

{ut } satisfies Assumption 1(c) and Iεt is the σ -field of events
generated by εs , s ≤ t . From (4), several specifications for the
returns process {rt } may arise, perhaps the most natural being

rt = √
ṽt + ut (I (εt ≥ 0) − I (εt < 0)) ,

which nests the standard (G)ARCH framework when ut = 0.
One may view the process {ṽt } as the squares of a latent
(G)ARCH process whose parameter vector θ we wish to es-
timate. For this contaminated (G)ARCH model,

xt = ṽt + ut ≡ μ+ vt + ut with

μ = ψ0(θ )/

⎛
⎝1 −

∞∑
j=1

ψj (θ )

⎞
⎠ and vt = ṽt − μ

since ṽt has the representation

ṽt = ψ0(θ ) +
∞∑
j=1

ψj (θ )ṽt−j + ξt , (5)

where ξt ≡ ṽt − ht are martingale differences. If {ṽt } is second-
order stationary, {vt } has the spectral density function

f (λ; θ ) = σ 2
ξ

2π |1 − ∑∞
j=1 ψj (θ )e−ijλ|2 . (6)

The GARCH(p, q) model similarly has an ARMA
(max(p, q), q) representation and an invertible GARCH(p, q)
model is a subcase of the model for ṽt in (5). The functional
form for the spectral density function (6) resembles that given
in Assumption 1(a) but in this contaminated (G)ARCH case,
the sequence {ξt } is not independent in second moments, vio-
lating Assumption 3(c). Hence, a separate proof of asymptotic
normality for the trimmed FDQML estimator is required.

3.3 Consistency and Asymptotic Normality for
Contaminated (G)ARCH Models

We now provide conditions under which the trimmed
FDQML estimator of the parameters of a contaminated
(G)ARCH process given by (4) is consistent and asymptotically
normal.

Assumption ARCH-J. ṽt = htε
2
t , where {εt } is strictly

stationary and ergodic and (i) E[εt |Iεt−1] = 0 a.s.; (ii)

E[ε2
t |Iεt−1] = 1 a.s.; (iii) E[ε2j

t |Iεt−1] ≡ β2j < ∞ (constants)
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for j = 2, . . . , J/2 a.s.; (iv) ht ≡ E[ṽt |Iεt−1] = ψ0(θ0) +∑∞
j=1 ψj (θ0)ṽt−j with ψ0(θ0) > 0, ψj (θ0) ≥ 0 for j ≥ 1, and

|βJ |2/J
∑∞

j=1 ψj (θ0) < 1.

This assumption comes from Giraitis and Robinson (2001)
who imposed it to obtain consistency and asymptotic normal-
ity of a standard (untrimmed) simplified FDQML estimator of
a (G)ARCH process when no contaminating components are
present. It is a simultaneous restriction on the dependence and
tail behavior of {ṽt }, allowing for heavier tails when the pro-
cess exhibits less serial dependence. Assumptions ARCH-4 and
1(b) imply Assumption 1(a), giving the following corollary to
Theorem 1:

Corollary 1. For the (G)ARCH process given by (4), under
Assumption ARCH-4, suppose Assumption 1(b) holds for

g(λ; θ ) = |1 −
∞∑
j=1

ψj (θ )eijλ|−2,

and f (λ; θ ) = (σ 2/2π )g(λ; θ ) with σ 2 = E[v2
t ] − E[h2

t ]. Then,

if Assumptions 1(c) and 2 also hold, θ̂T
p−→ θ0.

Remark 5. Assumption 1(b)(i) holds when {ṽt } is modeled
as the squares of a stationary ARCH(p) or GARCH(p,q) pro-
cess, which follows from its implicit ARMA(max(p, q), q) rep-
resentation. The remainder of Assumption 1(b) is implied by
Assumptions ARCH-4 and 2 of Giraitis and Robinson (2001).

Theorem 3. Under Assumption ARCH-8, suppose Assump-
tions 1(b) and 3(a)–(b) hold for

g(λ; θ ) = |1 −
∞∑
j=1

ψj (θ )eijλ|−2,

and f (λ; θ ) = (σ 2/2π )g(λ; θ ) with σ 2 = E[v2
t ] − E[h2

t ]. Then,
if Assumptions 1(c) and 4 also hold and ∂f (λ; θ0)−1/∂θk
is Hölder continuous of degree greater than 1/2 in λ for
all k = 1, . . . , s, T 1/2(θ̂T − θ0) is asymptotically multivari-
ate normal with zero mean and covariance matrix given by
�−1(2�+�)�−1, where

�hk ≡ 1

2π

∫ π

−π

∂ log f (λ; θ0)

∂θh

∂ log f (λ; θ0)

∂θk
dλ,

�hk ≡ 2π

σ 2

∫ π

−π

∫ π

−π

∂f (λ; θ0)−1

∂θh

∂f (ω; θ0)−1

∂θk

f4(λ,−ω,ω; θ0)dλdω,

f4(λ, ω, ν; θ0) ≡ 1

(2π )3

∞∑
j,k,m=−∞

e−iλj−iωk−iνl

Cum(ṽ0, ṽj , ṽk, ṽm)

(the fourth cumulant spectrum of {ṽt }) and Cum(w, x, y, z) is
the joint cumulant of generic random variables w, x, y, and
z.

Remark 6. As noted by previous authors (see Giraitis and
Robinson 2001; Mikosch and Straumann 2002), ARCH-8 may
be a strong assumption in certain contexts. For example, it im-
plies the existence of the eight moment of the ARCH innovations
εt , whereas standard time domain methods typically impose the

existence of the fourth moment. Nevertheless, Corollary 1 shows
that consistency is still attainable under the weaker ARCH-4 As-
sumption.

Remark 7. The limiting covariance matrices of Theorems 2
and 3 can be difficult to estimate in practice, particularly in the
(G)ARCH framework (see Remark 2.2 of Giraitis and Robinson
2001). This challenge, which is also present for standard fre-
quency domain estimators in the absence of data contamination,
is exacerbated by the potential presence of data contamination.
Estimates of these variances and/or valid bootstrap procedures
may still be feasible. The works of Taniguchi (1982) and Chiu
(1988) are likely to provide useful starting points for this direc-
tion of research.

4. FINITE SAMPLE PROPERTIES OF ROBUST
FDQML ESTIMATORS

We now study the finite sample properties of our trimmed
FDQML estimators in the presence and absence of low-
frequency contamination, and under thin and heavy tails. We
chose to examine the models below for their popularity in ap-
plied work and ease in interpreting what the “persistence pa-
rameters” of the model are. The values reported in this section
all result from 1000 Monte Carlo replications.

4.1 The AR(1) Model

We begin by fitting an AR(1) time series in the absence of
contamination:

xt = vt = avt−1 + et , et ∼ iid(0, σ 2
e ). (7)

We use σ 2
e0 = 1, and a0 = 0, 0.5, 0.95 as they are representative

of the range of persistent values for a0. We estimate (a0, σ
2
e0)

on [0, 0.99] × [0.01, 10]. (Given that the minimization is con-
ducted over a ∈ [0, 0.99], Assumption 3(a)(ii) does not tech-
nically hold when a0 = 0. However, if asymptotic normality is
required, one can easily expand the search space.) We compute
the standard FDQML and three trimmed FDQML estimators
with trimmings set as l = �T 0.4�, �T 0.51�, �T 0.6� to illustrate
the broad picture. We use sample sizes T = 1000, 2000, and
4000, which align with sizes available for financial returns data.
The finite sample biases and root mean squared errors (RM-
SEs) for a0 for the uncontaminated processes are given in the
top three panels of Tables 1 and 2. The first column shows that
for Gaussian innovations, et ∼ iid N (0, 1), all four estimators
of a0 perform well with very little bias or RMSE differences
except when using the largest trimming l = �T 0.6�. We can
see from the third column of Tables 1 and 2 that changing the
innovation distribution to be heavy-tailed hardly changes the
results. Here, et has a symmetric Paretian distribution such
that P (et < −c) = P (et > c) = 0.5(1 + c)−κ with tail index
κ = 2.5, standardized so that σ 2

e = E[e2
t ] = 1. In this case, vt

has an infinite third moment, in violation of Assumption 3(c).
Next, we contaminate the AR(1) model by adding ut to vt

in (7), where {ut } is the RLS process described in Section 2.1.
Again, σ 2

e0 = 1 but now the variance of a level shift σ 2
η is set

equal to the variance of vt . We examine a range of specifica-
tions for p and results for the representative value p = 10 are
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Table 1. Bias for AR(1) processes with(out) RLS

Trimming; N (0, 1) Trimming; Par(2.5)

T l = 1 T 0.40 T 0.51 T 0.60 1 T 0.40 T 0.51 T 0.60

a0 = 0, p = 0
1000 0.000 −0.001 0.000 −0.001 0.001 0.000 0.000 0.000
2000 −0.001 −0.001 0.000 −0.001 0.001 −0.001 0.001 0.001
4000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

a0 = 0.5, p = 0
1000 −0.001 −0.001 −0.001 −0.001 −0.001 −0.002 −0.004 −0.001
2000 −0.001 −0.001 0.000 −0.001 −0.001 −0.002 −0.001 0.001
4000 −0.001 −0.001 0.000 0.000 −0.001 0.000 0.000 −0.001

a0 = 0.95, p = 0
1000 −0.003 −0.003 −0.012 −0.041 −0.003 −0.004 −0.016 −0.041
2000 −0.001 0.000 0.000 −0.012 −0.002 −0.001 −0.002 −0.019
4000 −0.001 −0.001 0.001 −0.002 −0.001 −0.001 0.002 −0.004

a0 = 0, p = 10
1000 0.504 0.057 0.026 0.012 0.518 0.062 0.028 0.013
2000 0.512 0.046 0.019 0.009 0.511 0.047 0.021 0.009
4000 0.505 0.032 0.015 0.006 0.519 0.035 0.015 0.006

a0 = 0.5, p = 10
1000 0.301 0.042 0.020 0.010 0.297 0.042 0.018 0.010
2000 0.300 0.033 0.014 0.007 0.297 0.033 0.013 0.007
4000 0.298 0.024 0.009 0.004 0.302 0.026 0.010 0.004

a0 = 0.95, p = 10
1000 0.028 0.003 −0.014 −0.042 0.028 0.002 −0.012 −0.040
2000 0.030 0.005 −0.002 −0.019 0.030 0.005 0.002 −0.013
4000 0.032 0.003 0.003 −0.004 0.031 0.003 0.004 −0.002

NOTE: In this table, a0 refers to the true autoregressive parameter and p equals the Bernoulli probability of a random level shift in the (contaminated) AR(1) model described in Section
4.1. No contamination is implied by p = 0. The columns corresponding to the N (0, 1) block indicate et ∼ iidN (0, 1) while those corresponding to the Par(2.5) block indicate et are
iid draws from a symmetric Paretian distribution with tail index κ = 2.5. The trimmed set of Fourier frequency indices is (−T/2, T /2] ∩ Z \ [−l + 1, l − 1] for l = 1, T 0.40, T 0.51, T 0.6.
No trimming occurs when l = 1.

presented here. The finite sample biases and RMSEs for estima-
tors of a0 for these processes are displayed in the final three pan-
els of Tables 1 and 2. Beginning with the case of contaminated
white noise (i.e., a0 = 0) with Gaussian or heavy-tailed innova-
tions, we can see that the level shifts induce a very large upward
bias in the untrimmed estimator of a0 that appears to stabilize
around 0.51. We can also see that trimming removes most of this
bias, resulting in substantially lower RMSE. Adding short-run
dynamics to the {vt } process by setting a0 = 0.5 or 0.95 does
not change the general pattern except for decreasing the finite
sample biases. Too high a trimming (e.g., l = �T 0.6�) can in-
duce a downward bias that overwhelms the upward bias due to
the level shifts but, as in the uncontaminated case, this problem
can be avoided by using a more moderately sized trimming.

Remark 8. The trimmed FDQML estimator continues to per-
form quite well in the presence of heavy-tailed data that violates
Assumption 3(c). This is also the case for the autoregressive
SV model of the following section. These simulation results
appear to complement the theoretical results of Mikosch et al.
(1995) who found that frequency domain estimators continue to
perform well even in the presence of an infinite second moment.

4.2 The Autoregressive SV Model

The (contaminated) autoregressive SV (ARSV) model we
examine is specified in (2) and (3) with A(L; θ ) = 1 − aL,

B(L) = 1, εt ∼ iidN (0, 1) and {ut } being an RLS process. Our
thin-tailed specification sets ξt ∼ iid N (0, 1), while our heavy-
tailed one uses ξt with a symmetric Paretian distribution with
tail index equal to 2.5, as defined in the previous subsection.
FDQML estimation of θ = (a, σ 2

ξ , σ
2
ζ )′ is performed using the

periodogram of the logarithm of the squares of rt . We examine
a0 = 0.5 and 0.95. Using the same sample sizes and trimmings
and the analogous parameter space as in Section 4.1, the finite
sample biases and RMSEs for estimators of a0 are provided in
Table 3. Beginning with the case of no contamination (for which
p = 0) and a0 = 0.5, we again see good performance and little
differences across estimators in the presence of thin or heavy
tails. For the case of high persistence, a0 = 0.95, we encounter
the same phenomenon as in the AR(1) model: a moderate trim-
ming should be used.

Adding an RLS contaminating component by setting p = 10
and the variance of a level shift σ 2

η to the variance of ṽt , it is
first interesting to note that, unlike for the AR(1) models, E[â]
does not appear to stabilize at some value less than one. Instead,
it seems that E[â] → 1. For the case of a0 = 0.5, trimming
removes the vast majority of the bias induced by level shifts
and the trimming of l = �T 0.51� seems to perform the best. We
again see that competing biases arise from too high of a trimming
that may discard valuable information about vt , and too low of
a trimming that subjects the estimator to upward bias from ut .
This bias competition is quite pronounced in the cases for which
a0 = 0.95 and we can see its presence in the RMSE values. Often

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 N

or
th

 C
ar

ol
in

a 
- 

C
ha

pe
l H

ill
] 

at
 1

8:
01

 2
2 

Se
pt

em
be

r 
20

17
 



McCloskey and Hill: Parameter Estimation Robust to Low-Frequency Contamination 605

Table 2. RMSE for AR(1) processes with(out) RLS

Trimming; N (0, 1) Trimming; Par(2.5)

T l = 1 T 0.40 T 0.51 T 0.60 1 T 0.40 T 0.51 T 0.60

a0 = 0, p = 0
1000 0.032 0.033 0.035 0.037 0.031 0.031 0.034 0.035
2000 0.023 0.023 0.023 0.025 0.022 0.022 0.024 0.025
4000 0.016 0.016 0.017 0.017 0.016 0.016 0.016 0.017

a0 = 0.5, p = 0
1000 0.032 0.035 0.038 0.051 0.028 0.029 0.034 0.046
2000 0.025 0.026 0.027 0.032 0.020 0.020 0.022 0.028
4000 0.021 0.021 0.022 0.024 0.014 0.014 0.015 0.017

a0 = 0.95, p = 0
1000 0.032 0.045 0.065 0.105 0.011 0.034 0.056 0.097
2000 0.031 0.036 0.048 0.068 0.008 0.020 0.038 0.066
4000 0.030 0.032 0.039 0.052 0.005 0.010 0.024 0.042

a0 = 0, p = 10
1000 0.541 0.079 0.048 0.041 0.556 0.087 0.050 0.041
2000 0.553 0.064 0.034 0.028 0.552 0.066 0.034 0.028
4000 0.546 0.045 0.025 0.019 0.559 0.049 0.025 0.019

a0 = 0.5, p = 10
1000 0.319 0.062 0.046 0.052 0.315 0.060 0.042 0.047
2000 0.317 0.050 0.034 0.034 0.313 0.047 0.029 0.029
4000 0.315 0.038 0.026 0.025 0.318 0.037 0.019 0.019

a0 = 0.95, p = 10
1000 0.043 0.045 0.066 0.104 0.031 0.033 0.056 0.097
2000 0.044 0.037 0.049 0.073 0.032 0.020 0.037 0.061
4000 0.045 0.032 0.039 0.053 0.032 0.010 0.026 0.042

NOTE: In this table, a0 refers to the true autoregressive parameter and p equals the Bernoulli probability of a random level shift in the (contaminated) AR(1) model described in Section
4.1. No contamination is implied by p = 0. The columns corresponding to the N (0, 1) block indicate et ∼ iidN (0, 1) while those corresponding to the Par(2.5) block indicate et are
iid draws from a symmetric Paretian distribution with tail index κ = 2.5. The trimmed set of Fourier frequency indices is (−T/2, T /2] ∩ Z \ [−l + 1, l − 1] for l = 1, T 0.40, T 0.51, T 0.6.
No trimming occurs when l = 1.

to a lesser degree, this bias competition is in fact a generic
feature of the trimmed FDQML estimation procedure in the
presence of low-frequency contamination, manifesting itself to
varying extents in certain models and parameter configurations,
the present one being a particularly dramatic case. Figures 1
and 2 more clearly illustrate this phenomenon, displaying the
absolute bias and RMSE of â as a function of the trimming
exponent for the three sample sizes when a0 = 0.95 and p =
10.

Remark 9. There is an important parallel between the com-
peting biases present in this context and the context of semi-
parametric frequency domain estimation of the memory pa-
rameter that is also robust to low-frequency contamination,
as in McCloskey and Perron (2013). In this latter case, too
high of a trimming induces bias in the estimate of the mem-
ory parameter in the presence of unmodeled noise or short-run
dynamics.

4.3 The GARCH(1,1) Model

The final process we study is GARCH(1,1), with uncontami-
nated version

rt = h
1/2
t εt with ht = c + ar2

t−1 + bht−1 and εt ∼ iidN (0, 1).

FDQML estimation of θ = (a, b, σ 2
ξ )′ is performed on the pe-

riodogram of the squares of rt . We examine the values of

(a0, b0) = (0.05, 0.3), (0.05, 0.6), (0.05, 0.9). (ARCH-8 does
not hold for the latter specification but ARCH-4 and the other as-
sumptions required for consistency does). The parameter space

 is the subset of [0.01, 0.99] × [0.01, 0.99] × [0.1, 10] for
which a + b is restricted to be no larger than 0.99. We use the
same trimmings as above but look at sample sizes of 1000,
4000, and 16,000 since accurate FDQML estimation of the
GARCH(1,1) model requires somewhat larger samples. The
finite sample biases and RMSEs for estimators of (a0, b0) cor-
responding to these uncontaminated GARCH(1,1) processes
are recorded in the top three panels of Tables 4 and 5, where
“QML” corresponds here to the standard time domain quasi-
maximum likelihood estimator, included for comparison. When
(a0, b0) = (0.05, 0.3) or (0.05, 0.6), the (trimmed) FDQML es-
timators exhibit almost no bias when moderate trimmings are
used. The standard time domain estimator RMSE dominates
the FDQML estimators but not to a major extent. For the case
of highest persistence, (a0, b0) = (0.05, 0.9), the FDQML es-
timators run into some problems even under moderate trim-
ming, with substantial downward biases, though estimates us-
ing a small trimming l = �T 0.4� perform fairly well in larger
samples.

We now add a DLS component to the GARCH(1,1) model:

rt = √
ṽt + ut (I (εt ≥ 0) − I (εt < 0)) , where ṽt = htε

2
t ,

ht = E[ṽt |Iεt−1] = c + aṽt−1 + bht−1
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Table 3. Bias and RMSE for ARSV processes with(out) RLS

Trimming; N (0, 1) Trimming; Par(2.5)

T l = 1 T 0.40 T 0.51 T 0.60 1 T 0.40 T 0.51 T 0.60

Bias: a0 = 0.5, p = 0
1000 −0.004 −0.003 −0.006 0.050 −0.017 −0.006 0.001 0.000
2000 −0.002 −0.001 −0.001 0.001 −0.006 −0.006 −0.004 0.002
4000 0.001 0.001 0.000 0.001 −0.004 −0.005 −0.001 −0.002

Bias: a0 = 0.95, p = 0
1000 −0.003 −0.025 −0.136 −0.333 −0.003 −0.003 −0.033 −0.114
2000 −0.002 −0.003 −0.039 −0.196 −0.002 −0.001 −0.006 −0.048
4000 −0.001 −0.001 −0.008 −0.074 −0.001 −0.001 0.003 −0.015

Bias: a0 = 0.5, p = 10
1000 0.458 0.087 0.038 0.043 0.447 0.097 0.034 0.028
2000 0.464 0.077 0.027 0.012 0.453 0.082 0.025 0.007
4000 0.474 0.066 0.024 0.002 0.466 0.070 0.024 0.008

Bias: a0 = 0.95, p = 10
1000 0.030 −0.014 −0.107 −0.300 0.008 −0.004 −0.030 −0.105
2000 0.033 0.003 −0.039 −0.188 0.0010 0.001 −0.009 −0.041
4000 0.034 0.003 −0.004 −0.069 0.010 0.000 0.002 −0.013

RMSE: a0 = 0.5, p = 0
1000 0.127 0.144 0.176 0.265 0.131 0.137 0.163 0.235
2000 0.090 0.098 0.114 0.149 0.087 0.094 0.108 0.142
4000 0.061 0.063 0.073 0.086 0.063 0.065 0.069 0.086

RMSE: a0 = 0.95, p = 0
1000 0.035 0.088 0.284 0.515 0.013 0.039 0.084 0.208
2000 0.032 0.046 0.109 0.360 0.009 0.022 0.048 0.110
4000 0.031 0.035 0.056 0.173 0.007 0.011 0.029 0.060

RMSE: a0 = 0.5, p = 10
1000 0.464 0.177 0.173 0.267 0.455 0.174 0.168 0.243
2000 0.470 0.138 0.117 0.154 0.460 0.137 0.109 0.140
4000 0.477 0.111 0.079 0.092 0.471 0.108 0.078 0.081

RMSE: a0 = 0.95, p = 10
1000 0.045 0.068 0.229 0.477 0.016 0.038 0.084 0.204
2000 0.046 0.045 0.112 0.339 0.014 0.023 0.049 0.104
4000 0.047 0.035 0.055 0.156 0.014 0.012 0.029 0.059

NOTE: In this table, a0 refers to the true autoregressive parameter and p equals the Bernoulli probability of a random level shift in the (contaminated) ARSV model described in Section
4.2. No contamination is implied by p = 0. The columns corresponding to the N (0, 1) block indicate ξt ∼ iidN (0, 1) while those corresponding to the Par(2.5) block indicate ξt are
iid draws from a symmetric Paretian distribution with tail index κ = 2.5. The trimmed set of Fourier frequency indices is (−T/2, T /2] ∩ Z \ [−l + 1, l − 1] for l = 1, T 0.40, T 0.51, T 0.6.
No trimming occurs when l = 1.

and εt ∼ iidN (0, 1). Letting var(ṽt ) = σ 2
v ,

ut = σ 2
v {0.24I (T/4 < t ≤ T/2) + 0.48I (T/2 < t ≤ 3T/4)

+0.12I (3T/4 < t ≤ T )}

is a DLS process with three level shifts. We now wish to estimate
the parameters of the latent {ṽt } process. The finite sample biases
and RMSEs of the estimators are given in the lower three panels
of Tables 4 and 5. Starting with the case of least persistence,
the trimmed FDQML estimators of a and b clearly outperform
both the standard FDQML and time domain estimators. As the
sample size grows, it appears that the level shifts cause the
standard estimators to have E[â] + E[b̂] → 1, consistent with
the results of Lamoureux and Lastrapes (1990) and Hillebrand
(2005). On the other hand, the trimmed FDQML estimators
remove very substantial portions of the biases in â and b̂ with
moderate trimmings typically yielding the lowest bias. For the
case (a0, b0) = (0.05, 0.6), the overall pattern is quite similar.
The results become more nuanced in the highly persistent case

though the trimmed FDQML estimators often have lower biases
than the standard time domain estimator.

The Monte Carlo results of this section show that if the
potential for additive low-frequency contamination is present,
trimmed FDQML estimators can provide major improvements
in terms of bias and RMSE when care is taken regarding
the choice of trimming. A moderate trimming, for exam-
ple, T = �T 0.51�, performs quite well in most scenarios.

5. EMPIRICAL APPLICATIONS

We now demonstrate the practical differences between low-
frequency contamination-robust and nonrobust estimation by
estimating the parameters of two popular time series models.

5.1 Autoregressive SV Estimation of High-Frequency
Exchange Rate Returns

For this application, we follow Deo, Hurvich, and Lu (2006)
in modeling high-frequency log returns via an SV model
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Figure 1. Absolute bias, a0 = 0.95.

although we do not allow for long-memory. As we will see,
allowing for long-memory in the model may be unnecessary
when low-frequency contamination is accounted for. The data
are 30 min log returns of the Japanese Yen per U.S. dollar ex-
change rate from 10:30 pm on December 12, 1986, to 10:00
pm on June 29, 1999 (148,416 observations). (The cleaned data
and Andersen and Bollerslev (1997) deseasonaliztion code were
kindly provided by Denis Tkachenko.) The choice of 30 min
sampling frequency is used to reduce microstructure noise (see
Deo, Hurvich, and Lu 2006).

We use two different deseasonalization approaches to rid the
data of intraday periodicity (see Andersen and Bollerslev 1997).

The first is the flexible Fourier form approach of Andersen and
Bollerslev (1997) (see their Appendix B). We deaseasonalize
5 min return data using six trigonometric terms and then aggre-
gate the 5 min deseasonalized returns to the 30 min sampling
frequency. (In the notation of (A.3) of Andersen and Bollerslev
(1997), we set J = 0, D = 0 and P = 6.) The second desea-
sonalization approach is due to Deo, Hurvich, and Lu (2006).
It is conducted directly in the frequency domain by ignoring
certain Fourier frequencies of the periodogram that are fixed
with the sample size, allowing the deseasonalization to occur
concurrently with the (trimmed) FDQML parameter estimation
on the 30 min data. We ignore both the Fourier frequencies λj

Figure 2. RMSE, a0 = 0.95.
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Table 4. Bias for GARCH(1,1) processes with(out) DLS

Trimming; â Trimming; b̂

T l = 1 T 0.40 T 0.51 T 0.60 QML 1 T 0.40 T 0.51 T 0.60 QML

a0 = 0.05, b0 = 0.3
1000 −0.007 0.002 0.011 0.025 0.001 0.161 0.134 0.214 0.218 −0.019
4000 −0.006 −0.003 0.000 0.006 0.000 0.108 0.089 0.078 0.061 −0.011
16,000 −0.004 −0.004 −0.001 0.000 0.000 0.053 0.001 0.004 0.004 −0.001

a0 = 0.05, b0 = 0.6
1000 −0.003 0.006 0.016 0.023 0.004 −0.025 −0.047 −0.001 0.010 −0.126
4000 0.000 0.002 0.004 0.012 0.002 −0.024 −0.040 −0.036 −0.042 −0.049
16,000 −0.001 0.000 −0.001 −0.002 0.000 −0.004 −0.009 −0.012 −0.014 −0.009

a0 = 0.05, b0 = 0.9
1000 0.004 −0.005 −0.010 −0.005 0.002 −0.093 −0.207 −0.195 −0.264 −0.032
4000 0.000 0.000 −0.009 −0.015 0.000 −0.009 −0.023 −0.193 −0.196 −0.004
16,000 0.000 0.000 −0.002 −0.012 0.000 −0.004 −0.009 −0.038 −0.165 −0.002

a0 = 0.05, b0 = 0.3, DLS
1000 −0.004 0.004 0.013 0.024 −0.004 0.599 0.165 0.238 0.227 0.613
4000 −0.015 −0.001 0.001 0.007 −0.035 0.629 0.105 0.069 0.067 0.682
16,000 −0.017 −0.006 0.000 0.002 −0.040 0.631 0.047 0.016 0.017 0.688

a0 = 0.05, b0 = 0.6, DLS
1000 0.000 0.010 0.018 0.024 0.003 0.293 −0.054 −0.019 0.004 0.304
4000 −0.010 0.003 0.004 0.013 −0.033 0.321 −0.031 −0.044 −0.050 0.379
16,000 −0.012 0.000 −0.002 −0.003 −0.042 0.325 0.003 −0.003 −0.007 0.392

a0 = 0.05, b0 = 0.9, DLS
1000 0.008 −0.003 −0.009 −0.007 0.010 −0.029 −0.211 −0.203 −0.274 0.003
4000 0.005 0.001 −0.007 −0.014 0.003 −0.005 −0.030 −0.179 −0.205 0.023
16,000 0.004 0.000 −0.001 −0.007 0.002 −0.004 −0.003 −0.010 −0.074 0.028

NOTE: In this table, a0 and b0 refer to the true GARCH persistence parameters in the (contaminated) GARCH(1,1) model described in Section 4.3. “DLS” indicates contamination
by deterministic level shifts. The trimmed set of Fourier frequency indices is (−T/2, T /2] ∩ Z \ [−l + 1, l − 1] for l = 1, T 0.40, T 0.51, T 0.6. No trimming occurs when l = 1. “QML”
denotes the standard time domain QML estimator.

Table 5. RMSE for GARCH(1,1) processes with(out) DLS

Trimming; â Trimming; b̂

T l = 1 T 0.40 T 0.51 T 0.60 QML 1 T 0.40 T 0.51 T 0.60 QML

a0 = 0.05, b0 = 0.3
1000 0.038 0.037 0.042 0.062 0.033 0.423 0.385 0.419 0.426 0.289
4000 0.026 0.023 0.021 0.024 0.018 0.352 0.320 0.305 0.296 0.237
16,000 0.016 0.017 0.010 0.010 0.009 0.232 0.187 0.157 0.165 0.145

a0 = 0.05, b0 = 0.6
1000 0.036 0.034 0.043 0.062 0.032 0.333 0.320 0.322 0.341 0.315
4000 0.021 0.019 0.019 0.028 0.017 0.220 0.216 0.233 0.271 0.201
16,000 0.010 0.009 0.012 0.014 0.009 0.097 0.092 0.119 0.135 0.087

a0 = 0.05, b0 = 0.9
1000 0.026 0.033 0.040 0.053 0.021 0.245 0.375 0.375 0.422 0.102
4000 0.012 0.012 0.022 0.033 0.010 0.057 0.081 0.351 0.361 0.038
16,000 0.008 0.008 0.010 0.023 0.007 0.033 0.037 0.109 0.311 0.032

a0 = 0.05, b0 = 0.3, DLS
1000 0.025 0.036 0.042 0.062 0.041 0.609 0.393 0.431 0.433 0.632
4000 0.016 0.022 0.020 0.023 0.035 0.630 0.323 0.297 0.304 0.683
16,000 0.017 0.022 0.014 0.014 0.040 0.633 0.250 0.217 0.231 0.689

a0 = 0.05, b0 = 0.6, DLS
1000 0.025 0.036 0.044 0.063 0.040 0.308 0.327 0.329 0.350 0.328
4000 0.013 0.017 0.018 0.027 0.034 0.322 0.209 0.225 0.267 0.380
16,000 0.013 0.009 0.013 0.016 0.042 0.326 0.094 0.120 0.147 0.393

a0 = 0.05, b0 = 0.9, DLS
1000 0.023 0.031 0.041 0.053 0.025 0.130 0.380 0.381 0.433 0.071
4000 0.011 0.012 0.021 0.032 0.012 0.033 0.099 0.329 0.369 0.042
16,000 0.007 0.006 0.007 0.014 0.006 0.030 0.031 0.037 0.167 0.041

NOTE: In this table, a0 and b0 refer to the true GARCH persistence parameters in the (contaminated) GARCH(1,1) model described in Section 4.3. “DLS” indicates contamination
by deterministic level shifts. The trimmed set of Fourier frequency indices is (−T/2, T /2] ∩ Z \ [−l + 1, l − 1] for l = 1, T 0.40, T 0.51, T 0.6. No trimming occurs when l = 1. “QML”
denotes the standard time domain QML estimator.
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Table 6. ARSV estimates for high frequency FX returns

Trimming â σ̂ 2
ξ σ̂ 2

ζ Half-life HL reduction

DHL deseasonalization
l = 1 0.981 0.037 6.413 35.582 —
l = �T 0.4� 0.849 0.266 5.979 4.241 88.1%
l = �T 0.51� 0.785 0.372 5.870 2.865 91.9%

AB deseasonalization
l = 1 0.982 0.030 5.458 38.346 —
l = �T 0.4� 0.849 0.227 5.082 4.231 89.0%
l = �T 0.51� 0.776 0.331 4.974 2.739 92.9%

associated with daily periodicity (integer multiples of T/48) and
surrounding frequencies in a fixed neighborhood (the 30 Fourier
frequencies to the left and right) so that the deseasonalization is
robust to periodicity that changes slowly over time (see Section
4 of Deo, Hurvich, and Lu 2006 for details). (The choice of 30
was used by Deo, Hurvich, and Lu (2006) but our estimation
results are insensitive to this choice.) As noted by Deo, Hurvich,
and Lu (2006), excluding these frequencies from the objective
function has no effect on the asymptotic properties of the pa-
rameter estimates while making them robust to the presence of
intraday periodicity.

The FDQML parameter estimates of the model are reported
in Table 6 for the two trimmings �T 0.4� and �T 0.51� and the
two different deseasonalization procedures. We report the esti-
mated half-life of a shock to the short-memory component of
log-squared returns and the percentage reduction in the esti-
mated half-life when moving from standard to robust estima-
tion. The results are striking: robustly estimating the parameters
via trimmed FDQML reduces the implied half-life of a shock
by roughly 90% relative to standard estimation. This result is
insensitive to the trimming or deseasonalization procedure.

5.2 GARCH(1,1) Estimation of Daily Stock Market
Returns

Finally, we examine low-frequency robust estimation of the
GARCH(1,1) model for two standard daily stock market re-
turns time series: the S&P 500 and Dow Jones Industrial Aver-
age (DJIA). The S&P 500 series consists of daily returns from
January 8, 1926, to March 25, 2004 (20,327 observations) and

Table 7. GARCH(1,1) estimates for daily stock market returns

Estimator â b̂ σ̂ 2
ξ × 106 Half-life HL reduction

S&P 500
TDQML 0.084 0.913 — 244.701 —
FDQML,
l = �T 0.4�

0.132 0.735 0.290 4.841 98.0%

FDQML,
l = �T 0.51�

0.130 0.720 0.289 4.264 98.3%

DJIA
TDQML 0.088 0.905 — 91.200 —
FDQML,
l = �T 0.4�

0.114 0.707 0.438 3.518 96.1%

FDQML,
l = �T 0.51�

0.113 0.694 0.437 3.248 96.4%

the DJIA series consists of daily returns from May 27, 1896
to March 30, 2007 (27,766 observations). Table 7 reports the
results for two trimmed FDQML estimators and their standard
time domain counterparts. The reported half-lives of shocks
are for shocks to the ARMA representation of squared returns.
The results are again quite notable. The standard estimates of the
model parameters produce the usual result of (nearly) integrated
GARCH (IGARCH). However, the robust estimators clearly do
not, reducing the implied half-lives of shocks by 96%–98%.
These results are again insensitive to the trimming used.

6. CONCLUSION

This article addresses the well-documented issue of spuri-
ous persistence from an estimation standpoint. We introduce
trimmed FDQML estimation methods that are robust to low-
frequency contamination, yielding consistent and asymptot-
ically normal estimators. In the potential presence of low-
frequency contaminating components, we have shown that
trimmed FDQML estimation outperforms existing estimation
techniques, removing large biases, and decreasing RMSEs for
a wide variety of models. The empirical applications of this ar-
ticle provide evidence that an estimation methodology that is
robust to low-frequency contamination is practically important
for fitting time series models to economic and financial data.

SUPPLEMENTARY MATERIALS

The supplemental appendix provides technical proofs for the
main results of the article. These proofs make use of several
supporting lemmas which are also stated and proved in the
supplemental appendix.
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